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SUMMARY 

This work is concerned with the transient dynamic response o f  a 

periodically ring-reinforced, infinitely long, circular cy1 indrical she1 1 

to a uniform pressure suddenly applied through the surrounding acoustic 

medium. The incident particle velocity is zero and the rings are assumed 

to be slightly flexible. 

A classical theory o f  the Donne11 type is used to analyze the 

shell while the fluid is described by the linear acoustic field equation. 

The solution is obtained by assuming a power series expansion in 

the ring stiffness parameter and utilizing a technique which reduces the 

transient dynamic problem to an equivalent steady-state formulation. 

Numerical results are presented for a steel shell imnersed in 

salt water for different ring spacings. 

For the case o f  rigid rings, a cylindrical and plane wave approxi- 

mation was also used to represent the fluid field. It is shown that the 

cylindrical wave approximation yields reasonably accurate results. 

Flexible ring results, although limited, indicate that undamped 

or nonradiating components of  the shell vibration are activated. 
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1 .  

1 . 1 NTRODUCT 1 ON 

Problems concerned wi th t h e  v i b r a t i o n s  o f  c y l i n d r i c a l  s h e l l s  i n  

vacuo o r  immersed i n  a f l u i d  medium have achieved a good deal  o f  a t t e n t i o n  

f o r  more than a decade. The f r e e  v i b r a t i o n  o f  r i n g - r e i n f o r c e d  c y l i n d r i c a l  

1 2 3 s h e l l s  i n  vacuo was considered i n  papers by B l e i c h  , Gondikas , G a l l e t l y  

4 5 
and Garnet and Goldberg . B l e i c h  and Baron i n v e s t i g a t e d  the  f r e e  v i b r a t i o n  

o f  an u n r e i n f o r c e d  c y l i n d r i c a l  s h e l l  immersed i n  a f l u i d .  The s teady-s ta te  

forced v i b r a t i o n s  o f  i n f i n i t e l y  long  s h e l l s  w i t h  p e r i o d i c a l l y  spaced r i g i d  

septa and r e i n f o r c i n g  r ings,  surrounded by an i n f i n i t e  a c o u s t i c  f l u i d  was 

analyzed by Junger . 6 

The i n t e r a c t i o n  o f  a p lane shock wave and an i n f i n i t e l y  long 

c y l i n d r i c a l  s h e l l  immersed i n  an i n f i n i t e  f l u i d  medium was s t u d i e d  i n  

papers by Baron , M i n d l i n  and B l e i c h  , C a r r i e r '  and Payton''. I n  t h e  7 8 

f i r s t  two a r t i c l e s ,  approximat ions o f  t h e  a c o u s t i c  f i e l d  equat ion  r e s u l t e d  

i n  the  assumption t h a t  each element r a d i a t e s  a p lane wave i n t o  t h e  surround- 

i n g  f l u i d .  For t h i s  approx imat ion t h e  e r r o r  increases as t ime increases. 

Haywood so lves  t h e  same problem assuming a c y l i n d r i c a l  r a d i a t e d  wave. 

Herman and Klosner found an exact  s o l u t i o n  t o  t h e  t r a n s i e n t  

1 1  

12 

problem o f  an i n f i n i t e l y  long, c y l i n d r i c a l  s h e l l  immersed i n  a f l u i d  

medium, sub jec ted  t o  an e n g u l f i n g  wave. I n  t h e i r  s o l u t i o n  t h e  assumpt 

t h a t  t h e  pressure  wave had a harmonic s p a t i a l  v a r i a t i o n  a l o n g  t h e  she1 

on 

a x i s  enabled them t o  q u i c k l y  e l i m i n a t e  t h e  a x i a l  space c o o r d i n a t e  f rom 

c o n s i d e r a t i o n  and emphasize the  t i m e  response. The s o l u t i o n  was then 

ob ta ined b y  means o f  a F o u r i e r  t r a n s f o r m a t i o n  on t h e  t ime coord ina te .  



2. 

The p resen t  s tudy  i n v e s t i g a t e s  t h e  t r a n s i e n t  response o f  an 

i n f i n i t e l y  long, p e r i o d i c  r i n g  re in fo rced ,  c y l i n d r i c a l  s h e l l  sub jec ted  

t o  a suddenly a p p l i e d  pressure  th rough the  sur round ing  a c n u s t i c  medium. 

The pressure  i s  assumed cons tan t  a l o n g  the  s h e l l  a x i s  and the  r i n g s  a r e  

assumed t o  be s l i g h t l y  f l e x i b l e .  The s o l u t i o n  i s  ob ta ined  by means o f  a 

techn ique i n  which t h e  t r a n s i e n t  problem i s  reduced t o  an e q u i v a l e n t  s teady-  

s t a t e  problem. T h i s  method was r e c e n t l y  demonstrated by Garnet and 

C r o u ~ e t - P a s c a l ’ ~ ,  K losner  and Berg lund 

by  B i s p l i n g h o f f ,  lsakson and Pian . 
14 , and was p r e v i o u s l y  suggested 

15 



3 .  

I I .  GOVERNING DIFFERENTIAL EQUATIONS 

Consider an infinitely long, circular, cylindrical shell with flexible 
-4. 

ring supports periodically spaced at distances of 2L“ (Fig. 1 ) .  The shell is 

immersed in a fluid and is initially at rest. At some time (7 = 0) there i s  a 

sudden rise in the surrounding fluid pressure, given by 

where H(T) is the Heaviside step function; the incident particle velocity is 

assumed to be zero. 

The structural response is described by the following Donnell- 

type shell equation 

+ 4 K  4 w + 4K 4 ($ c 2  w , ~ ~  = 4 K  4 (‘)L 
ES 

W 
S 

, xxxx 

stress resultant is assumed to van 

fluid and [c5 = (ES/pS) ’I2] is the 

The nondimensional distances, disp 

for which the axial inertia term has been neglected and the longitudinal 

the acoustic velocity o f  the 

nal wave velocity of the shell. 

and time are x = x”/a, r = r”/a, 

The starred coordinates and displacements 

.1- -1- 

-9- -1- 

L = L”/a, w = w”/a and T = ct/a. 

are indicated in Fig. 1; t = time. 

The shell boundary conditions are 

sh; c is 

longi tud 

acements 

w (0,T) = w (0,T) = w (L,T) = 0 
?X y xxx 7x 

(3  



w ( L , T )  = (F)2 1 w (L,T) + 1 W ( L , T )  

y xxx B YTT r 

where t h e  r i n g  s t i f f n e s s  parameter 

4. 

( 3 4  

and A i s  t h e  c r o s s - s e c t i o n a l  area o f  t h e  r ing;  E Y E  = Young's modulus o f  

t h e  s h e l l  and r i n g .  For  a r i g i d  r i n g  p = 0 and Eq. (3a) s i m p l i f i e s  t o  

s r  

W ( L , T )  = 0 

The s h e l l  i s  assumed t o  be a t  r e s t  i n i t i a l l y ,  i.e., 

w (x,o) = w(x,o) = 0 
YT 

The f l u i d  f i e l d  i s  descr ibed by the  axisyrnrnetric a c o u s t i c  p o t e n t i a l  

f i e l d  equat ion  

where cp i s  t h e  v e l o c i t y  p o t e n t i a l  f u n c t  

(r = 1 )  t h e  r a d i a l  v e l o c i t y  o f  the she1 

on. A t  t h e  s h e l l - f l u i d  

and f l u i d  must be equa 

i n t e  r f ace 

, so t h a t  

The v a n i s h i n g  of t h e  r a d i a t e d  v e l o c i t y  and p ressu re  a t  T = 0 r e q u i r e s  t h a t  



w h i l e  t h e  symmetry c o n d i t i o n s  o f  t h e  problem lead t o  

The pressure  p a c t i n g  on t h e  s h e l l  i s  t h e  sum of t h a t  exe r ted  

by the  i n c i d e n t  and r a d i a t e d  acous t i c  waves, i.e., 

Power Ser ies  Expans ion  

For an a l m o s t - r i g i d  r i n g  s t i f f e n e d  she l l ,  p < < 1, t h e  s o l u t i o n  

can be expressed i n  terms o f  a power s e r i e s  expansion i n  p. Thus the  r a d i a l  

s h e l l  displacement can be represented by  the  f o l l o w i n g  s e r i e s  

W(X,T) = WO(X,T) + pw (X,T) + p 2 W2(X,T) + - - *  + prnwm(x,7) + * * -  

1 
a3 

= c prnwm(x,s) 
m=O 

Fo r  t h e  a c o u s t i c  p o t e n t i a l  we may s i m i l a r l y  w r i t e  



6.  

I f  Eq. ( 1 1 )  i s  t o  be a v a l i d  r e p r e s e n t a t i o n  o f  w, then i t  i s  neces- 

sary  t h a t  w(x,T) and wm(x,.) (rn = 1,2,3;**~) s a t i s f y  the  equat ions  g iven 

i n  the  preceed ing  sec t i on .  

0 

Th is  leads t o  the  f o l l o w i n g  system of  equat ions  

w (o,.) = w ( L , T )  = w ( 0 , T )  = w (L,T) = 0 
0 0 0 0 ,x YX , xxx 

w (x,o) = w (.yo) = 0 
0 0 
7T 

and 

w ( 0 , T )  = w (L,T) = w ( 0 , T )  = 0 
m m rn 

YX Y X  xxx 

(LY w,(L,T~ + (7) c 2  w (L,T) = w m m- 1 
y xxx  7 T T  r 

w m ( x , ~ )  = w m ( x , ~ )  = o (m = 1,2,3, 'a) (14d) 
7 7  

The f i r s t  s e t  o f  equat ions( l .3  rep resen ts  t h e  f o r m u l a t i o n  o f  t h e  r i g i d  r i n g  

problem (p = 0), f o r  which the r i n g  d isp lacements van ish  [ w o ( L 7 ~ )  = 03. 



The second s e t  o f  equat ions  (14) a r e  recur rence express ions  [ see  Eq. (14b) l  

f o r  t h e  mth term o f  t he  s e r i e s  expansion o f  w. 

The nonhomogeneous boundary c o n d i t i o n  o f  Eq. (14b) can be removed 

by t h e  f o l  low ing  t r a n s f o r m a t i o n  

w (x,T) = u (x,.) + F,(T) 
m m 

where 

u ( L J T )  = 0 . 
m 

Eqs. (14) a r e  thus r e c a s t  as f o l l o w s :  

4 4 4 1 pc 4 
= 4K (')-T 'pm (I,x,T) - 4K { F m ( ~ ) [ l  U + 4K um + 4K (*)2um 

S , 'c'c Es J T  
m 

J xxxx  

( L , ' c ) I  
t - 2  

C 

- (,I 1 + Wm-1 
S xxx  

u (0 ,T)  = u ( 0 , T )  = u ( L J ' c )  = u m (L , ' c )  = 0 
m m m 

J X  xxx J X  

1 
( l , X , d  ac 'pm 

_ -  - u + Fm 
m 

J T  ,T J r  

= w  (L,'c) = Urn-] ( L J 4  c 2  

r ? 'c7 , xxx 
Fm + (,I Fm m- 1 xxx  

u ( ~ ~ 0 )  = u ( ~ ~ 0 )  = F (0) = F (0) = 0 (m = IJ2,3,"*m) m m m m 
Y ' c  JT 



8. 

Finally we have that each coefficient of the series expansion of 

the acoustic potential must satisfy the following set of equations: 



I I I . STEADY-STATE FORMULATI ON 

v a l e n t  s teady -s ta te  problem 

f u n c t i o n  i n  equa t ion  (13)  by 

c o n s t r u c t e d  by  super imposing 

s accomp 1 i shed by rep  l a c  

a p e r i o d i c  f o r c i n g  f u n c t  

a p p r o p r i a t e l y  s igned and 

f u n c t i o n s  . The p e r i o d  2T must be chosen so t h a t  a t  14 

disp lacements vanish.  For  damped systems which a r e  

r e s t  w i t h i n  t h e  i n t e r v a l  z t he  above c o n d i t i o n s  w i  

For systems wh ich  c o n t a i n  undamped components, t h a t  

- 
r - 

The r e f o r m u l a t i o n  of the t r a n s i e n t  dynamic problem t o  an e q u i -  

ng  the  Heav i s i de 

on, F(T)  (F ig .  2), 

t ime  s h i f t e d  Heav is ide  

T = 2nT (n = 0, 1,2,3,***) 

t h e  i n i t i a l  Cond i t i ons  o f  t h e  s h e l l  a r e  s a t i s f i e d ,  t h a t  is, t he  v e l o c i t y  and 

brought  t o  a s t a t e  o f  

1 be achieved i f  T/2 2 7 . 
i s  f o r  those t h a t  a r e  

r 

- 
brought  t o  a s t a t e  o f  p e r i o d i c  mot ion o f  p e r i o d  z, t he  i n i t i a l  c o n d i t i o n s  w i l l  

be s a t i s f i e d  i f  (T/2) = nz (n = 1,2,3,**.), where nz must be a t  l e a s t  as 

g r e a t  as t h e  t ime  necessary f o r  decay o f  t h e  t r a n s i e n t  mot ion.  

- - 

Thus t h e  a c o u s t i c  p ressure  o f  Eq. (10) i s  rep laced by 

where t h e  complex F o u r i e r  s e r i e s  expansion o f  F(z) i s  

The fo rm o f  t h e  a c o u s t i c  p o t e n t i a l  which i s  p e r i o d i c  i n  t ime  and s a t i s f i e s  

the  f i e l d  equa t ion  (17) and t h e  boundary c o n d i t i o n  (17a) i s  



10. 

i h - 7  33 - -  33 - i krr-r 
35 

n n x  e - m  + C Rnk(r )cos  - m nTx e 
'Pm = C [ 7 R n k ( r ) c o s  - L 

n=O, 1 , 2 L k = 1 , 3 , 5  n=O, 1,2 

w h e r e  

2 m  m 

2 r d r  
R n k  + - -  d R n k  + [(F)2 - (y)']Rn; = 0 

d r  

a n d  

- m  
d 2 F n t  1 d R n k  k 7 2 -  n n 2 - m  

+ [(TI l R n k  = + - -  
2 r d r  d r  

m T h e  f o r m s  of  R n k  a n d  v a r y  i n  d i f f e r e n t  r e g i o n s  a s  f o l l o w s :  n k  

F o r  a n  o u t g o i n g  wave ,  

w h e r e  H ('I a n d  H (2) a r e  H a n k e l  f u n c t i o n s  o f  o r d e r  j o f  t h e  f i r s t  a n d  s e c o n d  
j j 

k i n d .  



For an e x p o n e n t i a l l y  decaying p o t e n t i a l  f i e l d  

m = A "'H ( 1 )  ( ipnkr )  
Rnk nk  o 

2 2 
Case C:  (nT/L) - (krr/T) = 0 

m 
- - m -  k n r .  But t h i s  For t h i s  case (k = nT/L), Rnk = Ank mr ; Rnk - Bnk 

m m 

v i o l a t e s  t h e  f a r  f i e l d  c o n d i t i o n  and thus the  chosen p e r i o d  2T must be such 

t h a t  t he  r a t i o  nT/L i s  n o t  equal t o  an odd in teger ,  i.e., 

Thus the  f i n a l  form o f  t h e  p o t e n t i a l  f u n c t i o n  can be expressed as 

f o r  



I V .  SOLUTION OF THE SHELL EQUATION 

For  t h e  r i g i d  r i n g  problem, desc r ibed  by Equat ion (13), w i t h  

boundary c o n d i t i o n s  (13a), we assume a s o l u t i o n  o f  t h e  form: 

i k i r ~  - ilcrrc co 

k=l,3,5 j=l j=l 

W 00 - -  
0 X .  (.)e T + c 7 OX.(x)e 

j k  J 
w (X,T) = c L c S j k  
0 

where 

cosh. L 
J 

x .  (x) = c0sx.x - cos hh .  x 
J c0shh.L J J J 

a r e  t h e  mode shapes f o r  t h e  f r e e  v i b r a t i o n  o f  a p e r i o d i c a l l y  ( r i g i d )  r i n g -  

r e i n f o r c e d  i n f i n i t e  c y l i n d r i c a l  s h e l l  i n  vacuo [see Appendix ( A ) ]  and a re  

s o l u t i o n s  o f  t h e  d i f f e r e n t i a l  equat ion  

I V  4 
j j J  

x (x) + x x .  (x) = 0 

The cor respond ing  e igenva lues  h are  ob ta ined  f rom t h e  f o l l o w i n g  t ranscen-  

den t a  1 equat i on 

j 

tank .  L + tanhh.L = 0 
J J 

The s u b s t i t u t i o n  o f  Eqs. (19), (23) and (24) i n t o  Eq. (13) y i e l d s  



- i k m  i b~ - m m 

+ 4K 4 "  C { C SjkoXj(x)e T + T j k  0 Xj(x)e T 
k=1,3,5 j=l j= l  

where ( ) '  rep resen ts  the  d e r i v a t i v e  w i t h  respec t  t o  the argument. 

t h e  terms o f  t h e  r i gh t -hand  s i d e  o f  Eq.  (28) i n t o  a s e r i e s  o f  t he  e igen-  

f u n c t i o n s  X we o b t a i n  the  f o l l o w i n g  

Expanding 

j' 



m 
4 Po 1 0 

4 a P o  1 h i  0 

j= 1 

m 

4 K  (-)-- [ s i n  - 2 - - 2 ( 1 - C O S h r ) I  = C Jjk Xj(x) 
j= l  h ES krr 

and 

m 

c c . x . ( x )  nnx cos - =  
L j=  1 nJ J 

where 

4~~ 4 sin;h.L cos nn 

c =  I I 
n j  4 nn- 4 cosh .  L 

[Aj ' ( L I  1xjL[(-)2 + 1 1  
J 

Upon s u b s t i t u t i n g  Eqs. (26, 29-33) i n t o  Eq. (28), w e  o b t a i n  t h e  f o l l o w i n g  

system of e q u a t i o n s  



where (j=1,2,3, **.a ; 

k= 1 , 3,5, . e 

I n  a s i m i l a r  manner the  i n t e r f a c e  boundary c o n d i t i o n  (13b) may be recas t  as 

and 

U t i l i z i n g  t h e  i d e n t i t y  

16 
and n o t i n g  t h a t  

(con t inued on n e x t  page) 



Equat ions (34-37) can be combined t o  y i e l d :  

16. 

(j=1,2,3, ; k=1,3,5, * - . c o )  

0 .  0 
From Eq. (33) we  n o t e  t h a t  T I S  the  complex con jugate  of J j k '  o r  

j k  



where (") represents  the  complex con jugate .  Also, by d e f i n i t i o n  

Thus by observ ing  Eqs. (40) and (41) we conclude t h a t  

and from Eqs. (36) and (37) we observe t h a t  

0 
t h a t  is, f o r  b o t h  ranges we have shown t h a t  r( i s  equal  t o  t h e  complex 

con jugate  o f  5 . 
j k  

0 

j k  
A s  a consequence o f  equat ion  (43), t h e  express ion  f o r  t h e  d e f l e c t i o n  

f u n c t i o n  (24) may be r e w r i t t e n  as 

where Re( ) represents  the  r e a l  p a r t  o f  t h e  complex f u n c t i o n .  



0 The complex c o e f f i c i e n t s  5 can be determined f rom equat ions 
j k  

( 3 6 )  and (37). 

I t  should be n o t e d  t h a t  Eq. (40) represents  an i n f i n i t e  s e t  o f  

0 a l g e b r a i c  equat ions  f o r  the  unknown c o e f f i c i e n t s  A (n=O, 1,2, * * * ,  k=1,3,5, 

which  must be so lved by t r u n c a t i n g  t h e  s e r i e s .  

n k  



V .  HIGHER ORDER TERMS 

Higher  o r d e r  terms i n  t h e  s h e l l  d e f l e c t i o n  s e r i e s  ( 1 1 )  a r e  de- 

f i n e d  i n  equa t ion  (15) and a r e  ob ta  ned by s o l v i n g  t h e  s e t  o f  equat ions  

(16). A comparison o f  t he  r i g i d  r i n g  equat ions  (13) and (13a) t o  equat ions  

(16) and (16a) r e v e a l s  a term f o r  term correspondence, w i t h  d i f f e r e n c e s  

appear ing  o n l y  on t h e  r i gh t -hand  s ides  o f  t h e  d i f f e r e n t i a l  equat ions  (13) 

and (16), i.e., t h e  i n c i d e n t  p ressure  term i s  rep laced by t h e  term 
C 

(L,z)]. Thus we see t h a t  t h e  mth  term o f  
-4K 4 {Fm(7)[1-($)21 + wmw1 

S , xxx 
t h e  expansion o f  t h e  r a d i a l  d e f l e c t i o n  i s  determined f rom t h e  shear i n  

t h  t h e  s h e l l  a t  t h e  r i n g  suppor t  f o r  t h e  (m-1) term. I t  f o l l o w s  t h e r e f o r e  

t h a t  a s o l u t i o n  t o  equa t ion  (16) which s a t i s f i e s  t h e  boundary c o n d i t i o n s  

(16a) can a l s o  be w r i t t e n  i n  the fo rm 

i kirz - -  i h - 7  00 - 
x.(x)e  I T 

00 00 

u (x,d = c Ej; X .  , (.)e + c Tj; , 
j = 1  m k=1,3,5 j = 1  

(m= 1,2,3, . * m) (45) 

Equat ions (16) and (16c) b o t h  c o n t a i n  the  t h i r d  d e r i v a t i v e  o f  

t h e  ( m - l ) t h  t e rm o f  t h e  r a d i a l  d isp lacement  eva lua ted  a t  x = L. 

m i n a t i o n  o f  t h i s  d e r i v a t i v e  by d i r e c t  d i f f e r e n t i a t i o n  y i e l d s  a s l o w l y  con- 

v e r g i n g  s e r i e s .  To e l i m i n a t e  t h i s  numer ica l  d i f f i c u l t y ,  t h e  d i f f e r e n t i a l  I 

equa t ion  (16) i s  i n t e g r a t e d .  The r e s u l t  i s  

The d e t e r -  
I 



and f o r  m = 1 

c 2 k 7 ~ 2  w 0 2  

j k= 1 , 3,5 S j=l j k  h 
[ l - ( ~ )  (7) I C 5 - sinh .L  

J 
W 
0 , x x x  

i iqp - - 4K 4 (')-- Pc ih o ( 1 )  T 
h aEs T Aok LHo (yok)3e  

m 4 c 2 h 2  
+ {-4K [ l - ( ~ )  (y) 1 C T.' s i n h . L  

S j = 1  J k  hj  J 

(con t inued on n e x t  page) 
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i h-t- 

+ 4K 4 a  (-)- Pc ih Bok o LHo (2) (yok)]e'] + 4K 4 (:)r LF(7) 

5 S 
h aE (47) 

The expansion of  t h e  p reced ing  equat ions  i n t o  a s e r i e s  o f  t h e  e i g e n f u n c t i o n s  

y i e l d s  

where 

co 
m+ 1 4 4  c 2 h 2  = - 4K C-4K [ 1 + ( ~ )  (7) 3 C S j L  f- s i n h . L  

J 
S j = l  j 

' j k  

03 m+ 1 4 4  c 2 b 2  m 2  
Jjk = - 4K {-4K [ l+(c) (y) ] c  Tjk x s i n h . L  

J 
S i l  j 

and from Eq. (32) 
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4 s inh .L  

c0sh.L 

J 

J 
c =  
o j  

L.L[ (-) + 1 3  
J c0shh.L 

(Note t h a t  express ions f o r  I 0 and J 0 a r e  found i n  equat ion  (33)). The j k  j k  
s o l u t i o n  of Eq. ( 1 6 ~ )  which s a t i s f i e s  t h e  i n i t i a l  c o n d i t i o n s  (16d) can be 

w r i t t e n  as 

F (T) = - m 

By s u b s t i t u t i n g  equat ions (20, 45, and 48) i n t o  equat ion  (16) we 

o b t a i n  



The above equations are identical in form to their rigid ring counterparts, 

equations (34) and ( 3 5 ) .  

The interface boundary condition, equation (16S), which yields 

the required additional set of simultaneous equations, can be recast by 

using equations (20, 45 and 51). Thus 

The solution of the set of simultaneous equations (52-55) yields 

(continued on next page) 



and 

Equat ions (52-55) correspond t o  t h e  r i g i d  r i n g  equat ions (34-37). As i n  

t h e  r i g i d  r i n g  so lu t i on ,  equat ion (56) represents  an i n f i n i t e  s e t  o f  a l g e b r a i c  

equat ions  i n  the  coeff  i c i  en t s  A 

so lved by t r u n c a t i o n .  Once having ob ta ined these values they a r e  s u b s t i t u t e d  

i n t o  equat ions  (54) and (55) and t h e  f i n a l  expressions f o r  t h e  c o e f f i c i e n t s  

m 
nk  (n=O, 1,2, - -03. , k=1,3,5,"'m) which m u s t  be 

m m a r e  ob ta ined.  As i n  t he  case of  t h e  r i g i d  r i n g  i t  can be shown t h a t  
'jk' qjk - .. 

in m 
j k  j k  

s i n c e  I = J then 



Thus the final expression o f  equation (45) is 

A similar form can be used for the expression of F ( 7 ) .  
m 

Finally, the solution f o r  the mth component of the asymptotic 

expansion of the radial displacement is 
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V I .  APPROXIMATE SOLUTIONS 

A. Plane Wave Approximation 

By assuming that each element of the shell radiates a plane wave 

into the surrounding medium, an assumption accurate for small time, the 

acoustic field equation can be reduced to 

At the shell-fluid interface the boundary condition therefore becomes 

Substituting equation (61) into the shell equation (2) we obtain the 

following uncoupled relation 

+ 4K 4 w + 4K 4 2  (5) w = 4K 4 1  [P0H(") - Pc 2 w,T1 
S Y T-c 

W , xxxx 
S 

Noting the identity (38), we may write equation (62) as 

Assuming a solution of Eq. (63) in the form 



we have t h a t  

C.  P .  I 
.. 

4 c 2  T .  = Ti + (=)(-)Ti + 4 c 2  I 
0 s  4K (,I 4K (,I 

S S 

and 

cn 4K 4 ( f ) ~  Po = C CiXi(x) 

s i = l  

4 s i n k . L  4 a Po I 
C i  = 4K (K))E cosh. L 

S ’i L[ (coshhi I L )2+11 

T h e  s o l u t i o n  o f  Eq. (64) which s a t i s f i e s  t h e  s t a t i o n a r y  i n i t i a l  c o n d i t i o n s  

(4) i s  

C. 
‘1 ‘2 1 

‘2‘1 
T .  = 

I (r1-r2) (A,. ‘2 
I 

where 

F i n a l l y ,  t h e  complete s o l u t i o n  i s  
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cosh. L 
I coshXix) 1 

r2T (rl-r2) r T  1 
e +  [- - - (C3shiX- coshX. L 

e C. 
I '1 '2 

W 

i =  1 (r1-r2) (Ai +4K ) 1 '2 '2'1 I 
4 4  r W(X,T )  = c { 

6 .  C y l i n d r i c a l  Wave Approx imat ion 

I f  i t  i s  assumed t h a t  each element of t h e  s h e l l  r a d i a t e s  a c y l i n -  

d r i c a l  wave i n t o  t h e  sur round ing  f l u i d ,  t h e  a c o u s t i c  f i e l d  equat ion  (5) can 

be rep laced by Haywood's approximate r e l a t i o n  1 1  

- 
90 - 

v,r(r,x,T) = - v,T(r,x,d - - r 'p(r,x,d; go = 0.363 

The i n t e r f a c e  boundary c o n d i t i o n  (7) then can be w r i t t e n  

We denote t h e  Laplace t rans form o f  a f u n c t i o n  h(T) as 

W 

-57 - 
h(s)  = e h(T)dT 

0 
(73) 

and thus express t h e  t r a n s f o r m  o f  t h e  s h e l l  equat ion  (2) and of t h e  i n t e r -  

face  boundary c o n d i t i o n  (72) as 

- 4- 4 c  2 2 -  4 a P o  1 P c  - 
W + 4K w + 4K (-) s w = 4 K  (;)E [r + sCp(l,x,s)] 

S 
, xxxx C 

S 
(74) 

and 



- -  1 
ac 

- 
sw = - - (s + go)(p(l,x,s) 

The e l i m i n a t i o n  o f  cp(l,x,s) between equat ions (74) and (75) y i e l d s  

29 

(75) 

Upon r e - a r r a n g i n g  terms and t a k i n g  n o t e  o f  t h e  i d e n t i t y  (38), we may r e w r i t e  

the  above as 

The s o l u t i o n  t o  equat ion  (77) i s  

where - 

and 

4 sinX,L 
I 

c0sA.L ‘I 
Ai = 

’i L[ (coshhi ’ L )‘ + 1 1  

The p a r t i a l  f r a c t i o n  expansion o f  equat ion  (79) i s  



where t h e  Rk 'S  (k  = 1,2,3,) a r e  the r o o t s  of 

4 
h. 

4 
h. 

(81) 
C 2 -  P 

Upon n o t i n g  t h a t  

P 
R 1  + R2 + R3 = - [Yo + (-) ( 3 1  

R R + R R + R2R3 = (-f)2[1 + I 

P S  

4 
C A. 

1 2  1 3  

4 
C h. 

4K 

- s 2  
~ 1 ~ 2 ~ 3  = - g o ( c )  + -1 

we may express t h e  i nve rse  o f  Eq. (80) as 

where 



The final solution can therefore be written as follows 

cosx. L RnT 

I coshhix) 3 m Po C s 2 1  3 (io+Rn)e 
w(x,z) = c vi [y - c ( c o s h i x -  coshhi L 

i= 1 S I n=l GR n 2+2~iRn+3yoTi 



32. 

V I  I . NUMERl CAL CALCULATIONS 

A l l  c a l c u l a t i o n s  were performed on the  I B M  7040 computer l oca ted  

a t  t h e  P o l y t e c h n i c  I n s t i t u t e  o f  Brooklyn. The p h y s i c a l  p r o p e r t i e s  used 

we r e  

a 1 r 2  P c 2  
C 

= 87r  , v = 0.3, (,) = 1 , (-) = 0.13054 , (-) = 0.08815 ( s t e e l  s h e l l  
C 

S P S  S 

immersed i n  s a l t  water), 

w h i l e  L was va r ied .  

The i n f i n i t e  s e t  o f  l i n e a r  a l g e b r a i c  equat ions  (40) i n  the  unknowns 

0 Ank were so l ved  by assuming a f o r c i n g  f u n c t i o n  p e r i o d  2T, t r u n c a t i n g  t h e  

system and then s o l v i n g  t h e  r e s u l t i n g  f i n i t e  number o f  equat ions .  The 

d e f l e c t i o n  w was found by s u b s t i t u t i n g  t h e  A I s  i n t o  equat ion  (36) and 

then u s i n g  equa t ion  (44). A s i m i l a r  procedure was used t o  s o l v e  equat ion  

(.56), (54) and (59) f o r  t he  h ighe r  o rde r  terms. For a l l  cases 6 terms i n  

0 

n k  

space and 41 i n  t ime  was found adequate t o  ensure accuracy. 

As p r e v i o u s l y  noted, i f  t h e  system under i n v e s t i g a t i o n  has a 

damping mechanism wh ich  b r i n g s  i t  t o  a s t a t e  o f  r e s t  i n  a p e r i o d  o f  t i m e  

'r 

and d isp lacement  w i l l  t h e r e f o r e  be ob ta ined  a t  t imes I -~  = nT (n = i n t e g e r ) .  

The amp l i t ude  o f  t h e  displacement immediate ly  f o l l o w i n g  t h e  t imes a t  wh ich  

- - 
then T must be chosen so t h a t  T/2 3 T ~ .  Cond i t i ons  o f  zero  v e l o c i t y  

z e r o  v e l o c i t y  and d isp lacements occur  w i l l  then rep resen t  t h e  d e s i r e d  

" t r a n s i e n t "  dynamic response, and w i l l  be v a l i d  f o r  a p e r i o d  o f  t ime  equal 

t o  T~ + T/2. I f  t h e  v i b r a t i o n  o f  t h e  system c o n t a i n s  undamped components, 

t h a t  i s  i f  t h e  response degenerates i n t o  a p e r i o d i c  mot ion  hav ing  a p e r i o d  

T, t h e  i n i t i a l  c o n d i t i o n s  o f  zero d isp lacement  and v e l o c i t y  w i l l  be s a t i s -  

f i e d  i f  T/2 2 nT, (n = i n t e g e r )  where n7 i s  a t  l e a s t  as g r e a t  as t h e  t ime  

- 
- - 



3 3  * 

14 necessary f o r  decay o f  t h e  t r a n s i e n t  mot ion  . 
For t h e  r i g i d  r i n g  problem (B = 0) an assumed f o r c i n g  f u n c t i o n  

h a l f  p e r i o d  T 2 12 was found t o  r e s u l t  i n  a s o l u t i o n  which s a t i s f i e d  i n i t i a l  

c o n d i t i o n s .  For  t h e  second t e r m  i n  t h e  power ser ies ,  (B f 0) a h a l f  p e r i o d  

o f  T = 14.928 was found t o  be s u f f i c i e n t  t o  ensure zero  i n i t i a l  v e l o c i t y  

and d isp lacement .  T h i s  va lue  corresponds t o  87 where T i s  t he  p e r i o d  o f  

undamped mot ion  i n  t h e  second term. Since any va lue  f o r  T above 12 was 

adequate f o r  t h e  r i g i d  r i n g  s o l u t i o n  T = 14.928 was used f o r  a l l  cases. 

- - 
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VI I I .  DISCUSSION OF RESULTS 

The t ime  h i s t o r y  o f  the m id  span d e f l e c t i o n s  o f  r i g i d  r i n g  

2 r e i n f o r c e d  cy1 i n d r i c a l  s t e e l  she1 Is immersed i n  sea water  [ (c /cs )  =0.088\5]  

a r e  p resented  i n  F igu res  3 and 4 f o r  r i n g  spacings 2L = 0.3321 and 6.0. 

s o l u t i o n s  e x h i b i t  damped responses thereby  i n d i c a t i n g  t h a t  energy i s  r a d i a -  

t e d  i n t o  the  f l u i d  f a r  f i e l d .  The exac t  s o l u t i o n s  over  a w ide  range o f  bay 

lengths  a r e  presented  i n  F i g .  2. 

The 

In  a p rev ious  i n v e s t i g a t i o n  by Herman and Klosner12, i n  which a 

r e i n f o r c e d  s h e l l  was suddenly sub jec ted  t o  an inc reased p ressu re  (hav ing 

harmonic s p a t i a l  v a r i a t i o n  i n  the a x i a l  d i r e c t i o n )  o f  t h e  sur round ing  f l u i d ,  

i t  was shown t h a t  t h e  s h e l l  response c o u l d  be decomposed i n t o  r a d i a t i n g  

and n o n r a d i a t i n g  components. When t h e  n o n r a d i a t i n g  component was large, 

i t  was found t h a t  t h e  c h a r a c t e r i s t i c  response ob ta ined  f rom the  c y l i n d r i c a l  

(C) and p l a n e  wave (P)  approx imat ions were q u i t e  d i f f e r e n t  f rom those ob- 

t a  ined f rom t h e  exac t  s o l u t i o n s .  

I t  has a l s o  been shown5 t h a t  no f a r  f i e l d  r a d i a t i o n  occurs when 

t h e  s h e l l  wavelength i s  sma l le r  than t h e  f l u i d  wavelength, w h i l e  energy i s  

r a d i a t e d  t o  t h e  f a r  f i e l d  when the s h e l l  wavelength i s  t he  l a r g e r  o f  t he  two. 

Fo r  t h e  n o n r a d i a t i o n  case, an a x i a l  f l o w  f rom the  ad jacen t  compressed and 

r a r i f i e d  reg ions  o f  t h e  pressure  f i e l d  takes p lace .  A t  h i g h  f requenc ies  

( s h o r t  f l u i d  wavelengths)  s u f f i c i e n t  t i m e  i s  n o t  a v a i l a b l e  f o r  t h i s  type 

o f  f l o w  t o  occur, and as a r e s u l t  energy i s  r a d i a t e d  i n t o  t h e  f a r  f i e l d  

For  t h e  r i g i d  r i n g  case cons idered here, i n  which the  i n i t i a l  

16. 

p ressu re  i s  independent o f  t h e  ax a1 coord ina te ,  t h e r e  a r e  no ad jacen t  

compressed and r a r i f i e d  reg ions  a ong t h e  a x i s  o f  t h e  s h e l l  and t h e r e f o r e  a 
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nonrad a t i n g  mode cannot be a c t i v a t e d .  One m igh t  then assume, t h a t  t he  use 

o f  t he  approx imate a c o u s t i c  f i e l d  equat ions would y i e l d  r e s u l t s  w i t h  s i m i l a r  

charac e r i s t i c s  t o  those ob ta ined  from t h e  exac t  s o l u t i o n  (see F igs .  3 and 4). 

Computer s to rage  and t ime  l i m i t a t i o n s  l i m i t e d  the  i n v e s t i g a t i o n  

o f  t h e  h i g h e r  o r d e r  terms o f  the  s e r i e s  expansion. The r e s u l t s  ob ta ined  

by i n c l u d i n g  o n l y  t h e  f i r s t  two terms o f  t h e  expansion a r e  presented  i n  

F i g u r e  6 f o r  a r i n g  spac ing  2L  = 0.3321. I t  i s  seen t h a t  t h e  f i r s t  term 

o f  t h e  expansion ( r i g i d  r i n g  term) e x h i b i t s  a damped response, w h i l e  t h e  

second term i s  p e r i o d i c ,  w i t h  a f requency equal t o  t h a t  o f  the  b r e a t h i n g  

mode o f  t h e  r i n g .  An i n v e s t i g a t i o n  o f  t h e  mode shape assoc ia ted  w i t h  t h e  

second te rm (Fig. 7) revea ls  t h a t  i t  o s c i l l a t e s  about i t s  e q u i l i b r i u m  

p o s i t i o n  i n  a manner t h d  induces ad jacent  compressed and r a r i f i e d  reg ions  

i n  t h e  f l u i d .  In a d d i t i o n ,  t h e  f l u i d  wavelength i s  much g r e a t e r  than the  

s h e l l  wavelength. Thus, i t  i s  n o t  unexpected t o  f i n d  t h a t  the  s teady-  

s t a t e  component o f  t h e  second te rm i s  p e r i o d i c  and r a d i a t e s  no energy 

i n t o  t h e  f a r  f i e l d .  
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APPENDIX A 

EIGENFUNCTIONS AND FREQUENCY EQUATION FOR 

R I  G I  D RING-STIFFENED SHELL I N  VACUO 

The Donne11 equation governing free vibration in vacuo can be 

written: 

= o  4 4 c 2  
W + 4K w + 4K (r) w , xxxx > -lT S 

where 

The free vibration solution to Eq. (A-1) is 

where 

4 X IV  - A .  x .  = 0 
j J J  

and 

I W . 7  
w(x,'t) = X .  (.)e J 

J 

h. = [4K4($)2mj2 - 4K 4 1 
j S 

(A -1 )  

(A-5)  
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The solution of Eq. (A-4) which satisfies the boundary conditions (A-2) 

yields the eigenfunctions 

COSJ.. L 

J 
X. (x) = c0sh.x - c0shh.x (j=lJ2,3,***m) (A-6) 

J c0shh.L J J 

and the following transcendental equation from which the eigenvalues are 

obtained 

tanh.L + tanhh.L = 0 
J J 

I n  a routine manner one can show that the eigenfunctions are 

orthogonal in the interval 0-L, i.e., 
cosx. L 

hi L[ (coshh. ' L )2+11 J i = j  
I 

L 

0 0, i # j  
J X i  (x)X. (X)dx = (A-8) 

J 
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APPENDIX  B 

STATIC SOLUTION OF RING-SUPPORTED SHELL 

The d i f f e r e n t i a l  equat ion o f  t h e  s h e l l  can be w r i t t e n  

w' " (x)  + 4K 4 w(x) = 4K 4 (-)- a ' 0  

E S  

where the  boundary c o n d i t i o n s  a r e  

wx(o)  = w (0) = w (L) = c , xxx  ? X  

The genera l  s o l u t i o n  t o  equa t ion  (B-1) s a t i s f y i n g  boundary 

c o n d i t i o n s  (8-2) i s  

sinhKx 

+ 1 1  ( s i  nKLcoshKL+cosKLs inhKL)cosKx coshKx 
- 3  2 2 4K fl ( s inh  KL+sin KL)+~inKLcosKL+sinhKLcoshKL 
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Po H ( t )  (SUDDENLY APPLIED PRESSURE) 

FIG. I SHELL GEOMETRY 

FIG. 2 FORCING FUNCTION 
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